In this paper, we introduce the two-dimensional Lane-Emden type equations. We study the linear and the nonlinear forms of these types of equations. We use the systematic Adomian decomposition method to handle these equations with specified initial conditions. The Adomian decomposition method provides an efficient scheme for exact and approximate analytic solutions of singular nonlinear equations. We corroborate this work by studying several two-dimensional Lane-Emden problems that represent numerical examples to show the strength of our approach.
Introduction
Many problems in astrophysics and relativistic mechanics can be distinctively formulated by the well-known Lane-Emden equations defined in the form u" + k x u′ + α(x)f(u) = 0, u(0) = C 0 , u′(0) = 0,
where α(x) and f(u) are some given functions of x and u, respectively. The Lane-Emden equation (1) also arises in the study of fluid mechanics, pattern formation, population evolution and in the study of chemical reactor systems.
For α(x) = 1 and f(u) = u m , Eq. (1) becomes the standard Lane-Emden equation of the first order and index m, that was used to model the thermal behavior of a spherical cloud of gas acting under the mutual attraction of its molecules as stated by Richardson (1921) and subject to the classical laws of thermodynamics. Moreover, the Lane-Emden equation of first order is a useful equation in astrophysics for computing the structure of interiors of polytropic stars. However, for α(x) = 1 and f(u) = e u , Eq. (1) becomes the standard Lane-Emden equation of the second order that models the non-dimensional density distribution u(x) in an isothermal gas sphere (Shang et al., 2009; Yildirim and Özis, 2009; Khalique et al., 2008) .
The Lane-Emden equation (1) is a singular equation, where such singular problems arise in many branches of science and engineering such as gas dynamics, atomic structures, physiological studies, electro-hydrodynamics, in the steady-state oxygen diffusion within a spherical cell, in astrophysics, and in many other areas as explained by Ravi-Kanth and Aruna (2010), Wazwaz et al. (2014) and Wazwaz et al. (2015) .
The singular behavior that occurs at x = 0 is the main difficulty in solving Lane-Emden equations. A substantial amount of work has been done on this type of problems for various forms of f(u) in Adomian (1983) , Adomian and Rach (1983, 1991) , Parand et al. (2010) , and Momoniat and Harley (2011) .
The Lane-Emden equation was first studied by astrophysicists Jonathan Homer Lane and Robert Emden, when they considered the thermal behavior of a spherical cloud of gas acting under the mutual attraction of its molecules and subject to the classical laws of thermodynamics. The wellknown Lane-Emden equation has been used to model several phenomena in mathematical physics and astrophysics such as the theory of stellar structure, the thermal behavior of a spherical cloud of gas, isothermal gas spheres, the theory of thermionic currents, and in the modeling of clusters of galaxies.
We note that (1) can be derived by using the equation
where k is called the shape factor. Recently, two useful works have been established, the first involves a Lane-Emden type of equations of third order Wazwaz et al. (2014) , whereas the second work introduces a Lane-Emden type of equations of fourth order Wazwaz et al. (2015) . For the Lane-Emden type equations of third-order, the following
was used, where m + n = 3, m, n ≥ 1 (4) that leads to the following two choices m = 2, n = 1,
and m = 1, n = 2.
The first case where m = 2, n = 1 gives
The second case where m = 1, n = 2 in (3) provides
In the work by Wazwaz et al. (2015) , a variety of Lane-Emden type equations of fourth-order were derived. In a like manner to the third-order, where (3) was used with the following selection m + n = 4, m, n ≥ 1, (9) that resulted in the following three choices m = 3, n = 1,
and m = 1, n = 3.
(12) This in turn led to the following fourth-order Lane-Emden type equations
and
respectively. The main goal of this work is two fold. We aim first to introduce a two-dimensional Lane-Emden equation. As stated before, this kind of singular equations appears in many engineering and scientific applications, then it is normal to extend our previous works to twodimensional Lane-Emden type of equations. Our second goal is using the systematic Adomian decomposition method (ADM) to handle these types of equations with specified initial conditions. To show the efficiency and the reliability of this scheme, we will investigate linear and nonlinear models in two dimensions.
The ADM admits the use of the infinite decomposition series for the solution and the nonlinearities. The solution components are determined by recursion. The details of this method are now well known and widely applied in the literature; see, for example, Adomian (1983) , Adomian and Rach (1983, 1991) , Rach (1984 Rach ( , 2008 , Wazwaz (2009 ), and Wazwaz et al. (2014 , 2015 .
Several investigators (Adomian, 1983; Adomian and Rach, 1983, 1991) have previously proved convergence of the Adomian decomposition series and the series of the Adomian polynomials.
Although the domain of the convergence for the decomposition solution may not always be sufficiently large for engineering purposes, we can readily solve this problem by means of solution continuation or convergence acceleration techniques, such as analytic continuation (Adomian, 1983; Adomian and Rach, 1983, 1991) , the diagonal Padé approximants, the iterated Shanks transform (Adomian, 1983 ), Adomian's asymptotic decomposition method (Adomian, 1983; Adomian and Rach, 1983, 1991) , the higher-order discretized one-step subroutines based on the ADM and its modifications, the parametrized recursion scheme and so on.
The Two-Dimensional Lane-Emden Type Equation
We introduce the two-dimensional Lane-Emden equation in the form 
subject to the initial conditions
where the shape factors are k x and k y .
As stated before, the ADM will be used for analytic treatment of the Lane-Emden type equations. The ADM usually begins by defining the equation in an operator form (Rach, 1984 (Rach, , 2008 Wazwaz, 2000 Wazwaz, , 2002 Wazwaz, , 2005 Wazwaz, , 2009 . Define the linear operators and the nonlinear operator as
Nw(x, y) = f(u(x, y)).
In Adomian's operator-theoretic notation, Eq. (16) is expressed as
Solving for L x u(x, y) and L y u(x, y) yields
We define the inverse linear operators as 
Applying the two inverse linear operators to Eqs. (19) and (20) we have
Evaluating the left hand sides, we have
Upon substituting (25) and (26) into Eqs. (23) and (24) respectively, we obtain the equivalent nonlinear Volterra integral equations for the x-partial solution and the y-partial solution as
Upon substitution of the initial conditions, we have
The equivalent nonlinear Volterra integral equation for the composite solution by the arithmetic mean is
The ADM admits the use of the infinite decomposition series u(x, y) = ∑ ∞ n=0 u n (x, y), (32) for the solution u(x, y), and the infinite series of polynomials
for the nonlinear term f(u), where the components u n of the solution u(x, y) will be determined recursively, and the A n are the Adomian polynomials, which are obtained from the definitional formula (Adomian, 1983; Adomian and Rach, 1983, 1991) 
We list the formulas of the first several Adomian polynomials for the one-variable, simple analytic nonlinearity Nu = f(u) from A 0 through A 5 , inclusively, for convenient reference as The Adomian polynomials can be generated by using different algorithms such as in the works of Adomian (1983) , Adomian and Rach (1983, 1991) , Wazwaz et al. (2014 Wazwaz et al. ( , 2015 . Duan (2010) has recently developed several new, more efficient algorithms for fast generation of the one-variable and multivariable Adomian polynomials. For the case of the one-variable Adomian polynomials, we favor Duan's Corollary 3 algorithm (Duan, 2010) , since it does not involve the differentiation operator in the recurrence algorithm but only requires the operations of addition and multiplication, which is eminently convenient for computer algebra systems such as MATHEMATICA, MAPLE or MATLAB,
from which we can quickly and easily calculate Adomian polynomials. We list the corresponding MATHEMATICA code AP[f, M] for Duan's Corollary 3 algorithm in the Appendix. We remark that it has been timed in speed tests to be one of the fastest on record (Duan, 2010) , including the earliest computer algorithm for fast generation of the Adomian polynomials as published by Adomian and Rach (1983) .
Upon substitution of the respective decomposition series of the solution and the nonlinearity, we have
We set the respective recursion schemes for the x-partial solution, the y-partial solution and the composite solution by the arithmetic mean as
ϕ n+1 (x, y) = ∑ n m=0 u m (x, y), n ≥ 0,
Numerical Examples
In this section, we study several numerical examples for the two-dimensional Lane-Emden type equations. We will study these equations for a variety of values for the shape factors k x and k y and for the given nonlinearity Nu. In each example, we consider the region of the independent variables x > 0 and y > 0. 
subject to the following initial conditions u(0, y) = C 0,x (y) = 1 + y 2 , u x (0, y) = 0, u(x, 0) = C 0,y (x) = 1 + x 2 , u y (x, 0) = 0.
For this special case, we specify A 0 = −6(2 + x 2 + y 2 ) and A j = 0 for j ≥ 1. Using the recursive scheme (41) and (42) 
This in turn gives the exact solution u(x, y) = 1 + x 2 + y 2 + x 2 y 2 = (1 + x 2 )(1 + y 2 ).
(53) If we use the recursive scheme (44) and (45) for the y-partial solution, the same result as (53) can be obtained. (56)
Using the recursion scheme (41) and (42) 
which converges to the exact solution u(x, y) = √x 2 + y 2 ,
on the region x ≤ y. Using the recursion scheme (44) and (45) 
which converges to the exact solution (59) on the region x ≥ y.
Example 3. We now consider the two-dimensional nonlinear Lane-Emden type equation 
subject to the following initial conditions u(0, y) = C 0,x (y) = 2lny, u x (0, y) = 0, u(x, 0) = C 0,y (x) = 2lnx, u y (x, 0) = 0.
The Adomian polynomials for the nonlinear term −14e −u are given by 
which converges to the exact solution u(x, y) = ln(x 2 + y 2 ), (66) on the region x ≤ y. Using the recursion scheme (44) and (45) 
which converges to the exact solution (66) on the region x ≥ y. 
subject to the following initial conditions
The Adomian polynomials for the nonlinear term u −3 are given as 
2 y 2 )(x 2 + y 2 )A n ), n ≥ 0, The exact solution is u(x, y) = √1 + x 2 y 2 .
Conclusion
In this work, we have presented a framework for the two-dimensional Lane-Emden equation with two shape factors where two singular points appeared at x = 0 and y = 0. We used the ADM with the Adomian polynomials for nonlinear problems to illustrate our analysis. 
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